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THE CONTINUOUS DEPENDENCE FOR THE HAL-MHD
EQUATIONS WITH FRACTIONAL MAGNETIC DIFFUSION
DINGXING ZHONG, JINLU LI, AND XING WU
Abstract. In this paper we show that the solutions to the incompressible Hall-MHD
system with fractional magnetic diffusion depend continuously on the initial data in
H
s(Rd), s > 1 + d
2
.
1. Introduction and main result
In this paper, we are concerned with the study on the Cauchy problem for the incom-
pressible Hall-MHD system with fractional magnetic diffusion:

∂tu+ u · ∇u+∇P = b · ∇b,
∂tb+ u · ∇b+∇× ((∇× b)× b) + (−∆)
αb = b · ∇u,
divu = divb = 0, (u, b)|t=0 = (u0, b0),
(1.1)
where u and b represent the flow velocity vector and the magnetic field vector respectively,
P is a scalar pressure, while u0(x) and b0(x) are the given initial velocity and initial
magnetic field with ∇·u0 = ∇·b0 = 0. The Hall term∇×((∇×b)×b) plays an important
role in magnetic reconnection which is happening in the case of large magnetic shear.
The fractional Laplacian operator (−∆)α is defined in terms of the Fourier transform by
(̂−∆)αf(ξ) = |ξ|2αfˆ(ξ).
The applications of the Hall-MHD system cover a very wide range of physical objects,
such as, in the magnetic reconnection in space plasmas, the star formation, neutron stars
and geo-dynamos.
Recently, there are many researches on the standard Hall-MHD equations with −∆u
and −∆b , concerning global weak solutions [1], local and global (small) strong solutions
[2, 3], and the large time behavior of weak and strong solutions [4, 5, 6, 7]. For the
system (1.1), Chae, Wan and Wu [8] proved the local existence and uniqueness of the
solution to the Hall-MHD equations with only a fractional Laplacian magnetic diffusion
(−∆)αb in the space Hs(Rd) for s > 1 + d
2
and α > 1
2
. To the knowledge of the author,
there are few results on continuous dependence upon the initial data for the Hall-MHD
system. Therefore, the purpose of our paper is to discuss the continuous dependence of
solutions on the initial data in (1.1) and give a precise estimate.
Our argument can state as follows:
Theorem 1.1. Let d ≥ 2, α ≥ 1 and s > 1 + d
2
. Suppose that un0 ∈ H
s(Rd) goes to
u0 ∈ H
s(Rd) in Hs(Rd) and bn0 ∈ H
s(Rd) goes to b0 ∈ H
s(Rd) in Hs(Rd) when n goes
to infinity. Then there exists a positive T > 0 independent of n such that (un, bn) ∈
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C([0, T ];Hs(Rd)) be the solution of

∂tu
n + un · ∇un +∇Pn = b
n · ∇bn,
∂tb
n + un · ∇bn +∇× ((∇× bn)× bn) + (−∆)αbn = bn · ∇un,
divun = divbn = 0, (un, bn)|t=0 = (u
n
0 , b
n
0 ),
(1.2)
and (u, b) ∈ C([0, T ];Hs(Rd)) be the solution of (1.1) with initial data (u0, b0). Moreover,
there holds
lim
n→∞
(
||un − u||L∞
T
(Hs(Rd)) + ||b
n − b||L∞
T
(Hs(Rd))
)
= 0.
Notations. Given a Banach space X , we denote its norm by ‖ · ‖X . Since all spaces of
functions are over Rd, for simplicity, we drop Rd in our notations of function spaces if
there is no ambiguity. The symbol A . B denotes that there exists a constant c¯0 > 0
independent of A and B, such that A ≤ c¯0B. We denote by {cj}j≥−1 a sequence such
that ||cj||ℓ2 ≤ 1.
2. Preliminaries
In this section we collect some preliminary definitions and lemmas. For more details
we refer the readers to [9].
Let χ : Rd → [0, 1] be a radial, non-negative, smooth and radially decreasing function
which is supported in B , {ξ : |ξ| ≤ 4
3
} and χ ≡ 1 for |ξ| ≤ 5
4
. Let ϕ(ξ) = χ( ξ
2
)− χ(ξ).
Then ϕ is supported in the ring C , {ξ ∈ Rd : 3
4
≤ |ξ| ≤ 8
3
}. For u ∈ S ′, q ∈ Z, we
define the Littlewood-Paley operators: ∆˙qu = F
−1(ϕ(2−q·)Fu), ∆qu = ∆˙qu for q ≥ 0,
∆qu = 0 for q ≤ −2 and ∆−1u = F
−1(χFu), and Squ = F
−1
(
χ(2−qξ)Fu
)
. Here we use
F(f) or f̂ to denote the Fourier transform of f .
Lemma 2.1. [9] Let s > 0. Then there exists a constant C, depending only on d, s, such
that for all f, g ∈ Hs,
‖fg‖Hs ≤ C
(
‖f‖L∞||g||Hs + ||f ||Hs‖g‖L∞
)
.
Lemma 2.2. [10] Let σ ∈ R and v be a vector field over Rd. Assume that σ >
−dmin{1 − 1
p
, 1
p
}. Define Rj = [v · ∇,∆j ]f . There a constant C = C(p, σ, d) such
that
∣∣∣∣(2jσ||Rj||L2)j≥−1∣∣∣∣ℓr ≤


C||∇v||
H
d
2 ∩L∞
||f ||Hσ , if σ < 1 +
d
2
,
C||∇v||
H
d
2
+1 ||f ||Hσ , if σ = 1 +
d
2
,
C||∇v||Hσ−1||f ||Hσ , if σ > 1 +
d
2
.
Moreover, if σ > 0, we have∣∣∣∣(2jσ||Rj||L2)j≥−1∣∣∣∣ℓr ≤ C(||∇v||L∞||f ||Hσ + ||∇f ||L∞||∇v||Hσ−1).
3. Some useful estimates
In this section, motivated by [11], we will establish some useful estimates for smooth
solutions of (1.1), which is the key component in the proof of Theorems 1.1. The esti-
mates can be stated as follows.
Lemma 3.1. Let d ≥ 2 and s > 1+ d
2
. Suppose that (u, b) ∈ C([0, T ];Hs) is the solution
of (1.1) with initial data (u0, b0). Then, we have for all t ∈ [0, T ],
||u(t)||2Hs + ||b(t)||
2
Hs ≤ (||u0||
2
Hs + ||b0||
2
Hs)e
C
∫ T
0
(||u(t)||
C0,1
+||b(t)||
C0,1
+||b(t)||2
C0,1
)dt
.
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Proof. Now, we apply ∆j to (1.1), and take the inner product with (∆ju,∆jb) and
integrate by parts to have
1
2
d
dt
(||∆ju||
2
L2 + ||∆jb||
2
L2) + C02
2jα||∆jb||
2
L2 ≤
5∑
i=1
Ii, (3.1)
where
I1 = −
∫
Rd
[∆j , u · ∇]u ·∆ju dx, I2 = −
∫
Rd
[∆j , u · ∇]b ·∆jb dx,
I3 =
∫
Rd
[∆j , b · ∇]b ·∆ju dx, I4 =
∫
Rd
[∆j , b · ∇]u ·∆jb dx,
I5 =
∫
Rd
[∆j , b×](∇× b) · (∇×∆jb) dx.
According to Lemmas 2.1-2.2, it is easy to estimate
|I1| . ||[∆j, u · ∇]u||L2||∆ju||L2 . 2
−2jsc2j ||∇u||L∞||u||
2
Hs,
|I2| . ||[∆j, u · ∇]b||L2 ||∆jb||L2 . 2
−2jsc2j
(
||∇u||L∞||b||
2
Hs + ||∇b||L∞||u||Hs||b||Hs
)
,
|I3| . ||[∆j, b · ∇]b||L2 ||∆ju||L2 . 2
−2jsc2j ||∇b||L∞||u||Hs||b||Hs,
|I4| . ||[∆j, b · ∇]u||L2||∆jb||L2 . 2
−2jsc2j
(
||∇b||L∞||u||Hs||b||Hs + ||∇u||L∞||b||
2
Hs
)
.
By Lemma 2.2, we can gain that for j ≥ 0,
|I5| . ||[∆j, b×](∇× b)||L2 · (2
j||∆jb||L2)
≤ C||[∆j, b×](∇× b)||
2
L2 +
C0
8
22jα||∆jb||
2
L2
≤ C2−2j(s−1)c2j ||∇b||
2
L∞||b||
2
Hs +
C0
8
22jα||∆jb||
2
L2.
If j = −1, it is easy to deduce that
|I5| . ||b||C0,1||b||
2
Hs.
Integrating (3.1) over [0, t], multiplying the inequality above by 22js and summing over
j ≥ −1, we have
||u(t)||2Hs + ||b(t)||
2
Hs ≤ ||u0||
2
Hs + ||b0||
2
Hs
+
∫ t
0
(||u||2Hs + ||b||
2
Hs)(||u(τ)||C0,1 + ||b(τ)||C0,1 + ||b(τ)||
2
C0,1)dτ.
This along with the Gronwall inequality yields the result of this lemma. 
Lemma 3.2. Let d ≥ 2 and s > 1+ d
2
. Suppose that (u1, b1) and (u2, b2) are two smooth
solutions of (1.1) with initial data (u10, b
1
0) and (u
2
0, b
2
0) respectively. Denote δu = u
1−u2
and δb = b1 − b2. Then, we have for all t ∈ [0, T ],
||δu(t)||2Hs−1 + ||δb(t)||
2
Hs−1 ≤ (||δu0||
2
Hs−1 + ||δb0||
2
Hs−1)e
A(t),
and
||δu(t)||2Hs + ||δb(t)||
2
Hs ≤
(
||δu0||
2
Hs + ||δb0||
2
Hs
+ C
∫ t
0
(||u2||2Hs+1 + ||b
2||2Hs+1)(||δu||
2
Hs−1 + ||δb||
2
Hs−1)dτ
)
eA(t),
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with
A(t) = C
∫ t
0
(1 + ||u1||Hs + ||u
2||Hs + ||b
1||Hs + ||b
2||Hs + ||b
1||2Hs + ||b
2||2Hs)dτ.
Proof. It is easy to show that

∂tδu+ u
1 · ∇δu+ δu · ∇u2 +∇P¯ = b1 · ∇δb+ δb · ∇b2,
∂tδb+ u
1 · ∇δb+ δu · ∇b2 + (−∆)αδb+∇× ((∇× δb)× b1)
+∇× ((∇× b2)× δb) = b1 · ∇δu+ δb · ∇u2,
divδu = divδb = 0, (δu, δb)|t=0 = (δu0, δb0).
(3.2)
Now, we apply ∆j to (3.2), and take the inner product with (∆jδu,∆jδb) and integrate
by parts to have
1
2
d
dt
(||∆jδu||
2
L2 + ||∆jδb||
2
L2) + C02
2jα||∆jδb||
2
L2 ≤
8∑
i=1
Ji, (3.3)
where
J1 = −
∫
Rd
[∆j , u
1 · ∇]δu ·∆jδu dx, J2 = −
∫
Rd
[∆j , u
1 · ∇]δb ·∆jδb dx,
J3 =
∫
Rd
[∆j , b
1 · ∇]δb ·∆jδu dx, J4 =
∫
Rd
[∆j , b
1 · ∇]δu ·∆jδb dx,
J5 =
∫
Rd
∆j(δb · ∇b
2 − δu · ∇u2)∆jδu dx,
J6 =
∫
Rd
∆j(δb · ∇u
2 − δu · ∇b2)∆jδb dx,
J7 =
∫
Rd
[∆j , b
1×](∇× δb) · (∇×∆jδb) dx,
J8 = −
∫
Rd
∆j((∇× b
2)× δb) · (∇×∆jδb) dx.
On the one hand, according to Lemmas 2.1-2.2, it is easy to estimate
|J1| . ||[∆j, u
1 · ∇]δu||L2||∆jδu||L2 . 2
−2j(s−1)c2j ||∇u
1||Hs−1||δu||
2
Hs−1,
|J2| . ||[∆j, u
1 · ∇]δb||L2 ||∆jδb||L2 . 2
−2j(s−1)c2j ||∇u
1||Hs−1||δb||
2
Hs−1,
|J3| . ||[∆j, b
1 · ∇]δb||L2 ||∆jδu||L2 . 2
−2j(s−1)c2j ||∇b
1||Hs−1||δu||Hs−1||δb||Hs−1,
|J4| . ||[∆j, b
1 · ∇]δu||L2||∆jδb||L2 . 2
−2j(s−1)c2j ||∇b
1||Hs−1||δu||Hs−1||δb||Hs−1,
|J5| . 2
−2j(s−1)c2j (||b
2||Hs||δu||Hs−1||δb||Hs−1 + ||u
2||Hs||δu||
2
Hs−1),
|J6| . 2
−2j(s−1)c2j (||b
2||Hs||δu||Hs−1||δb||Hs−1 + ||u
2||Hs||δb||
2
Hs−1).
(3.4)
By Lemma 2.2, we obtain for j ≥ 0,
|J7| . ||[∆j , b
1×](∇× δb)||L2 · (2
j||∆jδb||L2)
≤ C||[∆j, b
1×](∇× δb)||2L2 +
C0
8
22jα||∆jδb||
2
L2
≤ C2−2j(s−1)c2j ||b
1||2Hs||δb||
2
Hs−1 +
C0
8
22jα||∆jδb||
2
L2 .
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By Lemma 2.1, we have for j ≥ 0,
|J8| . ||∆j((∇× b
2)× δb)||L2 · (2
j||∆jδb||L2)
≤ C||∆j((∇× b
2)× δb)||2L2 +
C0
8
22jα||∆jδb||
2
L2
≤ C2−2j(s−1)c2j ||b
2||2Hs||δb||
2
Hs−1 +
C0
8
22jα||∆jδb||
2
L2 .
(3.6)
If j = −1, it is easy to deduce that
|J7|+ |J8| . (||b
1||Hs + ||b
2||Hs)||δb||
2
Hs−1. (3.7)
Integrating (3.3) over [0, t], multiplying the inequality above by 22j(s−1) and summing
over j ≥ −1, we infer from (3.4)-(3.7) that
||δu||2Hs−1 + ||δb||
2
Hs−1 ≤ ||δu0||
2
Hs−1 + ||δb0||
2
Hs−1
+
∫ t
0
A′(τ)(||δu||2Hs−1 + ||δb||
2
Hs−1)dτ.
This along with the Gronwall inequality yields the first part of the lemma. On the other
hand, according to Lemmas 2.1-2.2, it is easy to estimate
|J1| . ||[∆j, u
1 · ∇]δu||L2||∆jδu||L2 . 2
−2jsc2j ||∇u
1||Hs−1||δu||
2
Hs,
|J2| . ||[∆j, u
1 · ∇]δb||L2 ||∆jδb||L2 . 2
−2jsc2j ||∇u
1||Hs−1||δb||
2
Hs,
|J3| . ||[∆j, b
1 · ∇]δb||L2 ||∆jδu||L2 . 2
−2jsc2j ||∇b
1||Hs−1||δu||Hs||δb||Hs,
|J4| . ||[∆j, b
1 · ∇]δu||L2||∆jδb||L2 . 2
−2jsc2j ||∇b
1||Hs−1||δu||Hs||δb||Hs,
|J5| . 2
−2jsc2j (||b
2||Hs||δu||Hs||δb||Hs + ||u
2||Hs||δu||
2
Hs
+ ||b2||Hs+1||δu||Hs||δb||Hs−1 + ||u
2||Hs+1||δu||Hs||δu||Hs−1),
|J6| . 2
−2jsc2j (||b
2||Hs||δu||Hs||δb||Hs + ||u
2||Hs||δb||
2
Hs
+ ||b2||Hs+1||δu||Hs−1||δb||Hs + ||u
2||Hs+1||δb||Hs||δb||Hs−1).
(3.8)
By Lemma 2.2, we can gain for j ≥ 0,
|J7| . ||[∆j , b
1×](∇× δb)||L2 · (2
j||∆jδb||L2)
≤ C||[∆j , b
1×](∇× δb)||2L2 +
C0
8
22jα||∆jδb||
2
L2
≤ C2−2j(s−1)c2j ||b
1||2Hs||δb||
2
Hs +
C0
8
22jα||∆jδb||
2
L2 .
(3.9)
By Lemma 2.1, we have for j ≥ 0,
|J8| . ||∆j((∇× b
2)× δb)||L2 · (2
j||∆jδb||L2)
≤ C||∆j((∇× b
2)× δb)||2L2 +
C0
8
22jα||∆jδb||
2
L2
≤ C2−2jsc2j
(
||b2||2Hs+1||δb||
2
Hs−1 + ||b
2||2Hs||δb||
2
Hs
)
+
C0
8
22jα||∆jδb||
2
L2 .
(3.10)
If j = −1, by (3.7), we have
|J7|+ |J8| . (||b
1||Hs + ||b
2||Hs)||δb||
2
Hs. (3.11)
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Integrating (3.3) over [0, t], multiplying the inequality above by 22js and summing over
j ≥ −1, we infer from (3.8)-(3.11) that
||δu||2Hs + ||δb||
2
Hs ≤ ||δu0||
2
Hs + ||δb0||
2
Hs
+
∫ t
0
A′(τ)(||δu||2Hs + ||δb||
2
Hs)dτ
+ C
∫ t
0
(||u2||2Hs+1 + ||b
2||2Hs+1)(||δu||
2
Hs−1 + ||δb||
2
Hs−1)dτ. (3.12)
This along with the Gronwall inequality yields the second part of the lemma. Therefore,
we complete the proof of this lemma. 
4. Proof of Theorem 1.1
In this section, we will give the details of the proof for the Theorem 1.1.
Proof of Theorem 1.1. First, according to classical results, there exist a positive
Tn > 0 such that (1.2) have a solution (u
n, bn) ∈ C([0, Tn);H
s). Indeed, by Lemma 3.1,
we have
||un||2Hs + ||b
n||2Hs ≤ (||u
n
0 ||
2
Hs + ||b
n
0 ||
2
Hs)e
C
∫ t
0
(||un||
C0,1
+||bn||
C0,1
+||bn||2
C0,1
)dτ
.
Denote R = sup
n≥0
(||un0 ||Hs + ||b
n
0 ||Hs). Therefore, by continuity arguments, there exists a
positive T = T (s, d, R) satisfying Tn > T such that
||un||2L∞
T
(Hs) + ||b
n||2L∞
T
(Hs) ≤ C(||u
n
0 ||
2
Hs + ||b
n
0 ||
2
Hs) ≤ C.
Moreover, for all γ > s, we have for all t ∈ [0, T ],
||un(t)||2Hγ + ||b
n(t)||2Hγ ≤ (||u
n
0 ||
2
Hγ + ||b
n
0 ||
2
Hγ)e
C
∫ t
0
(||un||
C0,1
+||bn||
C0,1
)dτ
≤ C(||un0 ||
2
Hγ + ||b
n
0 ||
2
Hγ ).
Let (unj , b
n
j ) ∈ C([0, T ];H
s) be the solution of

∂tu
n
j + u
n
j · ∇u
n
j +∇Pn,j = b
n
j · ∇b
n
j ,
∂tb
n
j + u
n
j · ∇b
n
j +∇× ((∇× b
n
j )× b
n
j ) + (−∆)
αbnj = b
n
j · ∇u
n
j ,
divunj = divb
n
j = 0, (u
n
j , b
n
j )|t=0 = Sj(u
n
0 , b
n
0 ).
(4.1)
Then, according to Lemma 3.2, we have
||unj − u
n||2L∞
T
(Hs−1) + ||b
n
j − b
n||2L∞
T
(Hs−1)
≤ C(||(Id− Sj)u
n
0 ||
2
Hs−1 + ||(Id− Sj)b
n
0 ||
2
Hs−1),
which along with the fact that ||unj ||L∞T (Hs+1) + ||b
n
j ||L∞T (Hs+1) ≤ C2
j leads to
||unj − u
n||2L∞
T
(Hs) + ||b
n
j − b
n||2L∞
T
(Hs)
≤ C(||(Id− Sj)u
n
0 ||
2
Hs + ||(Id− Sj)b
n
0 ||
2
Hs
+
∫ t
0
(||unj ||
2
Hs+1 + ||b
n
j ||
2
Hs+1)(||u
n
j − u
n||2Hs−1 + ||b
n
j − b
n||2Hs−1)dτ)
≤ C(||(Id− Sj)u
n
0 ||
2
Hs + ||(Id− Sj)b
n
0 ||
2
Hs
+ 22j ||(Id− Sj)u
n
0 ||
2
Hs−1 + 2
2j ||(Id− Sj)b
n
0 ||
2
Hs−1)
≤ C(||(Id− Sj)u
n
0 ||
2
Hs + ||(Id− Sj)b
n
0 ||
2
Hs).
(4.2)
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Using Lemma 3.2, we can obtain
||unj − uj||
2
L∞
T
(Hs) + ||b
n
j − bj ||
2
L∞
T
(Hs) ≤ C2
2j(||un0 − u0||
2
Hs + ||b
n
0 − b0||
2
Hs). (4.3)
Therefore, combing (4.2)-(4.3), we obtain
||un − u||2L∞
T
(Hs) + ||b
n − b||2L∞
T
(Hs)
≤ ||unj − uj||
2
L∞
T
(Hs) + ||b
n
j − bj ||
2
L∞
T
(Hs)
+ ||unj − u
n||2L∞
T
(Hs) + ||b
n
j − b
n||2L∞
T
(Hs)
+ ||uj − u||
2
L∞
T
(Hs) + ||bj − b||
2
L∞
T
(Hs)
≤ C(||(Id− Sj)u
n
0 ||
2
Hs + ||(Id− Sj)b
n
0 ||
2
Hs + ||(Id− Sj)u0||
2
Hs
+ ||(Id− Sj)b0||
2
Hs + 2
2j ||un0 − u0||
2
Hs + 2
2j ||bn0 − b0||
2
Hs)
≤ C(||(Id− Sj)u0||
2
Hs + ||(Id− Sj)b0||
2
Hs
+ 22j ||un0 − u0||
2
Hs + 2
2j||bn0 − b0||
2
Hs).
This implies the result of Theorem 1.1.
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